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I introduce spinor equations for the fields. The properties of these spinor equations under 
space-time transformation and under charge conjugation are studied. The expressions for electric 
charge and current and densities of the fields are obtained. Covariant quantization conditions 
are established, and the vacuum energy for the fields is found to be zero. 

T— I ■ 

^ ■ I. INTRODUCTION 

_ ' In the standard electro-weak theory, the W bosons are described by a 4-vcctor field that satisfies the Proca 
equation 0, 0] . But however this 4- vector field can not be regarded as the boson field, because the charge density 
^/^ • of the bosons can not be expressed as inner products of this field with its adjoint field. Recently, I introduced a 
spinor field theory for the photon in which the photon field is a spinor, and satisfies a equation that is equivalent to 
' Maxwell's equations together with the relations between the 4-vector potential and electric and magnetic fields, and 
the Lorentz gauge condition for the 4-vector potential. In this paper, I modify the spinor equation for the massless 
I— I. photon field to describe charged massive spin 1 fields, which is the case of the boson fields. The properties 
' of spinor equations for the fields under space-time transformation and under charge conjugation are studied in 
detail. Expressions for electric current density, momentum and angular momentum of the fields are obtained. 
^ Covariant quantization conditions for the fields are established, and the vacuum energy for the fields is found 
<U ; to be zero. 

The spinor equations for the fields are introduced in Sec|TTl the Lagrangian density and expressions for electric 
^ \ charge and current densities are presented in Sec lIIIl The quantization of the fields is carried out in Sec lIVl 
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II. THE EQUATION FOR THE BOSON 
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The equation for the boson can be written as: 



d 

> ' ifi^—'4>^± {x) = -ihdw ■ VV^^i (x) ± my,cl3j^ip^± (x) (1) 



where 



and 



V'u)± = ii'w±l i^w±2 1pw±3 1p^±5 Vu)±6 V'w±7 V'i«±8 V't«±9 V'i/)±10 ^^±11 V»±i6) (2) 



xo = ct. (3) 
rritu in Eqs. ([T]) is the rest mass of boson. We have the following expressions for the matrix ctw 

.=1: w 
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with 

V) ^2 = (o i)- 

The fohowing anti-commutation relations hold for the matrixes awi,aw2,ctw3' 

O^wn ' ^wrn ^wn ' ^wm — '^^7im : ^ — li 2, 3. (7) 

The matrix /3„ is define as: 

(8) 

where /§ is the 8x8 unit matrix. The matrix /3w satisfies the following relations: 

Pwaw + doj^Pw = and = 1. (9) 

Therefore 

{-ihdw ■ V + ruyjcp^f = -h^ A + ml,c^ , (10) 

where 

dx\ dx"^ 



^^7n^ + 7^ + 7^- (11) 



It is easy to verify that (x) and ip* _ (x) satisfy the same equation. We request that both ijj^+{x) and V'lu- (x) 
contain only positive frequency components. 

The equation ([1]) is invariant under continuous space-time transformations (See the Appendices). We have 



with 



and 



V-UCa^') =exp((^.A)V^±(a;') (12) 



A = I ° ^ ) (13) 



for Lorentz transformations, and 



with 



under space rotations, where 



^^=^flnJl + ^-lnJl-!^V (14) 



V'™±(a;') = exp(i0 • s>)'0„±(x') (15) 



s 
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(16) 



and 



^ ^ ), (17) 



OOOOX / i 

^1 = I i 0* ' ^2 = I . Q 1 , S3 = I ; n n n 1 • (18) 
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The following commutation relation holds for sf. 



p=l 



(19) 



Eq. ([I} is invariant also under space inversion, time reversal and charge conjugation. It is easy to verify that 
Toijjt^±{xQ, ~x), ToV'^i (— xq, x) and f3oip^±{xQ, x) satisfy the same spinor equation Eq. ([T]) as ^p^±{xQ,x). Where 



To 



with the matrix /3e given by 



-I3e 

-13, 



/3e 



/So 
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-h 
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in which /4 is the 4x4 unit matrix. 

The spinor equation ([T]) can also be rewritten as a sets of vector and scalar equations. Let 



(20) 



(21) 



(22) 



and 



^■u;±0 



:(^«;±9, V'w-ilO, V'u.ill), 



1 



then the equation ([T]) is equivalent to the following groups of equations 

d 



dxo 
d 
dxo 

d 

dxo 



E^± = V X H^,± + V5„± + tiiA^± 
H„,± 



= -V X Eyj± 

= -V-H^,± 

,± V • E^± + M^^«;±0 



and 



d 

dxo 

d 



= V X A^± - H^± 



dxo 



A. 



™±o 



V • A^± — S^± , 



with 



By using the anticommutation properties of a and , we have 



- A + ) '4'w± (x) = 0, 



which is equivalent to 



52 



= 0, 



(23) 
(24) 

(25) 

(26) 
(27) 
(28) 

(29) 
(30) 
(31) 

(32) 
(33) 

(34) 
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and 



dxl 



-A 



= 0, 



(35) 



The equation ([55t is just the Proca equations for 4- vector "potentials" A^± — {A^±q, Ayj±). One may observe that 
if we let 5*^* — 0, then Eqs. (|25p - (PT|) are reduced to the Maxwell-Proca equations. But as the charged current of the 
weak interaction coupled with the fields does not satisfy the condition of continuity, S^ju± can not be zero when 
the weak interaction is considered. 



III. LAGRANGIAN DENSITY 

The equation for boson ll} can be derived from the following Lagrangian density 



where i}w{x) ~ tpw{^)'^i with 



i^w± (36) 



is the adjoint field. /§ is the 8x8 unit matrix. The Lagrangian density p6p is invariant under a global phase change 
of the field ^p^± (x) . This implies the conservation of the electric charge of fields : 



Q^± ^ J Pw±d:^^, (38) 

and 

^Pu,± + V • J^± = 0, (39) 

where 

Piv+ {x) = eip^+ {x)ijj^+ (x), p^- (x) = -e-ijj^- {x)tlj^- (x) (40) 
are the charge densities of fields and 

jw+ (x) = ec^w+ {x)dwil^^+ {x), j^- (x) = -ec-ii;^- {x)d^ip^- (x) (41) 

are the current densities, e > is the negative value of the electron's electric charge. Due to the fact that the 
boson and the W~ boson have opposite electric charge, and ipw+i^) commutes with 'ipw- (2;), the charge densities and 
the current densities of fields do not contain cross terms between ipj^+{x) and ip^-{x). That means a boson 
will not annihilate with a W boson by interacting with the photon field. 

According to the relation between symmetries and conservation laws, we may obtain the following expressions for 
the momentum P and the angular momentum M of the free field: 



P^± = -ih J d'^xip^±\7->p^±, (42) 

and 

a1^± = J d'^x^^±[x X (— i?iV)]?A^± + J d'^x'ipjjj±{hsf)ip^±. (43) 

It is clear that sj can be interpreted as the spin operator of the fields. 
The conjugate field of lAiui is 

T^w± = ^ = ihip^±. (44) 



The Hamiltonian of the fields now can be calculated: 

Hw± = / d^x (^T^±^p^± - C,^± 



d^xtjjy^i [—ihcd^ ■ V ± myj(? Pyj^ Vui± (45) 



IV. QUANTIZATION OF THE VF± FIELD 

It is convenient to quantize the field in the momentum space. To do this, we have to find firstly the plan 
solutions of the field. By substituting the following form of solution 

ipyj+{x) (X exp (— 

into the spinor equation ([T]), we find 



Eq. (|47p permits three independent nontrial solutions with ko ~ y |fcp + /i^. They can be chosen as 

1 



-^^{k) = — =i==f^^fci ^^fca ^i^oh fcofci koh koh |fc|) , 
y/2fit^ko V y 



and 



*±i(fc) = —jL==(ko{qi±iri) ko{q2±ir2) ko{q3±ir3) |fc|(riTigi) |fc|(?'2T«g2) 



\k\ir3Tm) ^t„(gi±iri) fiy,{q2±ir2) ^iy,{qz ± ir^i) 0^ 



T 



where k = fc/|fc|, and q and r are two vectors of unity satisfying the following conditions: 

k X q — f, k X f ~ —q, qxf—k, and r{—k) — ^r{k). 

Similarly, we have 

'4!^-{x) oc exp (— 

where "^~{k) satisfies the equation 

{d"^ -k-ko + Hwl3w^ */T(^) = 0' 

with 

*o(fc) = — =i=f-^^fci ~ ^in,k2 - fi^h fcofci kok koh |fc|) , 
V2Aitufco ^ ^ 

and 

*±i(^) = „ J—i- (ko{qi ± in) ko{q2±ir2) ko{q3±ir3) |fc|(riT«gi) |fc|(7'2T«92) 

\T 

\k\{r3Tm) -/i^(gi±iri) - ^iy,{q2±ir2) - /i^,(g3 ± irs) Oj , 

^'^(fc) are orthogonal: 

§+(fc)vI/+(fc) = M'+t(fc)ri*+ (fc) = <5,„,, ^'^(fc)vl/^,(fc) - vl;-t(fc)ri*-,(fc) ^ 5hH'. 

and 

$^(fc)^'^,(fc) = 0. 

We also have 

{k-sf)^+(k)^h^+{k), {k-sf)^^{k)^h^^{k), with;j = o,±i, 
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and 



*+(fc)s^*+(fc) = ^j;{k)^pj;{k) = sis + 1) = 2. (58) 



That means the bosons are of spm s=l. 

Having plan wave sohitions the field, we may now expand (x) in plane waves 



(fc)6ft(fc) (59) 



with fco = Y I^P According to relations and ([5^. the Lagrangian of the photon field can expressed as a 

function of the variables qy^^(t): 

Lit,,) = EKiw(4 - + - 

with 

g^jl^) = ahik) exp i~ickot), q^^it) = bhik) exp i-ickot). (61) 
The conjugate momentum of Q^^it) can be calculated, and we have 



and 



dL ^ 

P^fc(^) = g^TjJ^j = exp (icfcoi) (62) 



p'^it) = — — TT = i^b^ik) exp iickot) . (63) 



By applying the quantization condition [lf-^^TPf^,p] ~ ^f^^kh'^i^p we find the following commutation relations 

K(fc),4,(fc')]-'5w%,. (64) 

and 

Mk),blik')]=Shn'S^,j:,. (65) 

ahik) and a|j(fc) are just the annihilation operator and creation operator of bosons , and bhik) and &)j(fc) are 
the same operators of bosons. The Hamiltonian of the field can also be calculated. We obtain 

^ = llllPhkihk - L = Y.chko[aiik)ahik) + biik)bhik)). (66) 
k h j:h 

We observe that the vacuum energy of the field is zero. 

The commutation relations for the field can be written in a covariant form. According to the commutation 
relations (|64p and (|55|) . and the expression ([55]) . we have 

['^lj±M)^^w±-mix')]^ Dijnix - x'), with ?,TO= l,2,---,8, (67) 

with the 8x8 matrix Dix) given by the following expression 

^(^) = !s / ^'^'^(^' ~ f^o^ • • • + A^h] e"*"^ (68) 
(27r)J^^ Jfco>o L -I 



where 



10 

/43 \ .,, , 10 10 



/ = I 1 1 • 
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The replacement 

k 

was used in obtaining the relation (|67p . Under Lorentz transformations, D{x) transforms to 

D'{x') ^eiip{->p-l)D{x')exp{-ip-T). (71) 

One can verify with no difficulty that by using the expansions ((59|) . the commutation relations ((64)) and (|65p can be 
derived from commutation relation ([67]). Therefore, the commutation relations (j64|) and (j65|) and the the commutation 
relation (|67p are equivalent. 



V. CONCLUSION 



I introduced a spinor field theory for the fields. The electric charge densities of the bosons can be expressed 
as inner products of spinor fields with their adjoint fields. Expressions for electric current density, momentum 
and angular momentum of the fields are obtained. The expressions for electric current densities of fields do 
not contain cross terms between ipyj+{x) and tp^-{x), therefore a boson will not annihilate with a W~ boson 
by interacting with the photon field. Covariant quantization conditions for the fields are established, and the 
vacuum energy for the fields is found to be zero. 



Appendix A: Invariance of the spinor equation for W field under Lorentz transformations 

To show the invariance of Eq. ([T|), it is convenient to write the spinor field 

where 



rp rp 

'fpu = {tpw^l V'to±2 1pw±3 VtoiS 1Pw±6 i^w^r i^w^s) , Ipd = {tpw±9 1pw±10 Ipw^ll -0«,±16) ■ 

According to Eq. ([1]), we have the following equations for ipu{x) and ipdix)'- 

d 



dxo 



and 



dxo 



The invariance of Eq. ([T]) is then equivalent to the invariance of Eqs. (jA3|) and (|A4|) . 
By direct verification, one may find the following relations for matrices sand I: 



(Al) 



(A2) 



(A3) 



(A4) 



p=i 



and 



^en^m^en — (1 ^nm^^em ; Tl^Ul — 1,2,3. 

Let's consider a Lorentz transformation 

cosh if — sinh ip \ 

10 1 

1 I 

— sinh (^0 cosh (p / \ 



/x[\ 




X'2 








\x'J 






(A5) 



(A6) 



(A7) 
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We have 



d ,9 .,9 d , d .,9 

- — = cosh(p— - - smhip—- , - — = coship—- - smh tp-—. 
oxi ox\ oxq oxq oxq ox I 



(A8) 



d r d 1 

{coship - smhipaei)-g^ijju{x') + {coshtpaei - smhip)^-j- + ae2^^ + aes^^ ipuix') ± i^y^ipdix') ^ 0. (A9) 



By using the relations (|A8|) . Eqs. (|A3|) and (|A4p can be written as 



Sx'^ dx'2 dx'^ 



and 



9 r d d ~\ 

{coship + smhipaei)-Q^'ipdix') - {coshtpaei + sinhip)-^ + ae2^^ + ctes-^ ■4'd{x') ± inzipu{x') = 0. (AlO) 



But 



thus 



dx'i dx'2 dx'^j 

haei = aeih, exp(±(/9aei) = coship ± smhipaei 



cf [ / \ / o o \ 



d d 



exp 



(-(y3?i)V'«(a;') T « exp(^(/3(aei - ^iw'>Pd{x'), 



and 
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(9 



exp((/)(aei - = "ei^;;7 + exp(^-phj [ae2-^ + aes^^j exp(-p{aei - h)) 



dx[ 



a a 



exp(cp(aei - h))'ipd{x') T iexp{-^pli)fi^a-ipu{x'), 

According to the relation (|A6p . we have 

aemli = (^1 - aei)"aem , m = 2, 3, 

thus 



Qiem exp((/?Zi) = exp(^p{li -aeiijae 
Equations (|A12p and (|A13p become then 



exp 



{ipll)aem = Ctem exp(^p{li - Ckel)) 



m = 2,3. 



and 



a 

■^^'uix') = ~ae ■ yip'u{x') T itJ,w'4'd{x'), 



■^^'di^') = a, ■ V4,'a{x') T if^Mx') 



(All) 



(A12) 



(A13) 
(A14) 
(A15) 

(A16) 

(A17) 



where 

■ipl{x') =eyip{-iph)TP^{x'), ^/j{x') = exp{ip{aei-h))ipd{x')- (A18) 
By using the expressions for de and I, one can verify the following relations: 

^'Uix') = Mx) = 0, 4'u8i^') = ^us{x), (A19) 

and 

i^'diix') = ■4'd4{x) = 0, ?A^5(x') = ?Ad5(a;) = 0, t(;'^Q{x') ^ ■ipd6{x) = 0, ip'd7{x') ^ tpd7{x) = 0. (A20) 

The equations (|A16|) and (jA17|) in the new reference frame has exactly the same form as Eqs. (jA3p and (jA4l) . the 
spinor fields ip'^{x') and 'ipd{x') in the new reference frame has exactly the same form as the spinor fields ipu{x) and 
'ipd{x). Therefore Eqs. (|A3p and (IA4p are invariant under Lorentz transformations. 
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Appendix B: Invariance of the spinor equation for fields under space rotation 

Let's consider an infinitesimal space rotation 



We have 



3 

Xq — , — Xji ^ ^ ^nmp^m-^p ^ — 1; 2, 3. (^1) 

m,p— 1 



m,p— 1 ^ 



The equation ([T]) can be written as 



d ^ r 1 5 



^ n=l l,m=l 

According to expressions for and Sf we have 



so 



£n/m<5iau;m = «<5 • s/au,„ - ia„„(5 • s/. (B5) 

Z,m— 1 

Therefore 

d ^ ^ d -> ^ 

jS— -(1 + iS ■ Sf)ip^±{x') = -ihy^ cten-^rri^ + ■ ^f)i^w±{x') ± my,c{l + i(5 • Sf)l3^^^±{x'). (B6) 
dxn ^ ax' 

u n— 1 



But /3u,sy — SfPy^, so we may write Eq. (IB6p as 

n— 1 ^ 

with 

= (1 + s/)7A^±(a:'). (B8) 

The equation (|B7P has exactly the same form as Eq. ([T|). So the spinor equation for field is invariant under 
space rotations. 



[1] A. Proca, J. Phys. Radium, 7, 347 (1936) 

[2] A. Proca, C. R. Acad. Sci. Paris, 202, 1366 (1936). 

[3] R. P. Wang. arXiv:1109.3237 (2011'). 



